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Abstract—The timeliness of information is of capital im-
portance for numerous Internet of Things (IoT) services. To
improve the information freshness in large-scale distributed IoT
systems, this paper focuses on the Peak Age of Information
(PAol) optimization of slotted Aloha networks. Specifically, by
assuming the first-come-first-served (FCFS) service discipline and
Bernoulli packet arrival model, the mean PAol is characterized
and then optimized by either individually tuning the channel
access probability or jointly tuning the channel access probability
and packet arrival rate of each sensor. The explicit expressions
of optimal parameter settings and the corresponding minimum
PAol are obtained, based on which the age-throughput tradeoff
is evaluated. The analysis is verified by simulations. It is found
that in the massive access scenarios, the minimum PAol linearly
increases with the network scale in both individual optimization
and joint optimization cases, while the latter attains a lower
increasing rate, better age performance, and less throughput loss.

Index Terms—Age of information, slotted Aloha, channel
access probability, packet arrival rate.

I. INTRODUCTION

The information freshness is crucial for many real-time
Internet of Things (IoT) applications, such as environmen-
tal detection, dynamic system control, and e-health, where
fast and accurate system responses are vital. To characterize
the timeliness of information, a new metric called Age-of-
Information (Aol) is proposed in [1], which measures the time
elapsed since the last received packet was generated. As the
key metric to assess the “freshness” of information, how to
characterize and optimize the Aol performance of the network
has attained extensive attention.

As the most representative distributed random access proto-
col, slotted Aloha is especially suitable for large-scale IoT
systems, and has been applied in many IoT commercial
solutions such as NB-IoT. In slotted Aloha, sensors with non-
empty queues would transmit the packet in each time slot with
a certain probability. As such, the channel contention process
and the network performance shall crucially depend on the
packet arrival rate (i.e., the sampling rate in the context of
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the information update system [2]) and the channel access
probability of each sensor.

For decades, extensive works have been done on optimiz-
ing the performance of slotted Aloha by properly selecting
the packet arrival rate and the channel access probability,
where the classical metrics, such as throughput and delay,
were considered [3]-[5]. However, the search for the optimal
parameter configuration has long been known as notoriously
difficult, especially when the inherent bi-stable behavior prob-
lem is considered. That is, the Aloha network may have two
steady-state points (i.e., the limiting probability of successful
transmissions) and may drop to the lower one, on which the
network performance is poor. As such, numerous works have
been done on characterizing the bi-stable region of Aloha
networks, which is found to be determined by various system
parameters including the packet arrival rate and the channel
access probability [4], [S].

Apart from the classical performance metrics, the infor-
mation timeliness metric, Aol, of Aloha networks also has
gained significant attention recently [6]-[13]. To push the age
performance to the limit, the generate-at-will traffic model,
where sensors generate new samples whenever they decide to
transmit, has been widely used [7]-[10]. In [7], the average
Aol of slotted Aloha was characterized and optimized by
properly choosing the channel access probability. [8] con-
sidered the multi-channel Aloha network, and optimized the
age performance via joint access control and resource allo-
cation. To make the best use of each update transmission,
threshold-based random access schemes were proposed, in
which channel access request of a sensor is permitted only
if the information age exceeds a predetermined threshold [9],
[10]. Yet, the generate-at-will traffic model is not in line with
many practical IoT services such as smart grid, where the
updates come into the data queue periodically or stochastically.
With stochastic packet arrivals, however, the bi-stable behavior
of Aloha should be considered, with which how to characterize
the age performance remains largely unexplored.

For age performance optimization, based on the periodic
status update model, [11] derived the average Aol and peak
Aol for a real-time status update [oT system with state-
dependent slotted Aloha, and further evaluated the optimal
update interval. On the other hand, based on the Bernoulli
packet arrival model with a fixed packet arrival rate, [12], [13]
proposed age-based thinning schemes, in which the optimal
transmission probabilities were searched based on an iterative
algorithm. The excessively high complexity makes this scheme
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inapplicable to practical IoT networks with low-cost sensors.
Meanwhile, besides the channel access probability, the packet
arrival rate can also be a tunable system parameter. Another
question naturally arises: How to jointly select the packet
arrival rate and channel access probability of each sensor for
the age performance optimization of slotted Aloha, especially
when the bi-stable behavior is considered?

To address the above open issue, in this paper, we consider
a slotted Aloha network where each sensor is equipped with
a unit-size buffer. The Peak Aol (PAol)!, which represents
the maximum value of Aol achieved just before an update
is received, will be the focus of this paper. By extending
the analysis in [4], we take the bi-stable behavior of slotted
Aloha into account and obtain the explicit expression of mean
PAol. The optimal backoff parameters for PAol optimization
are carefully selected such that the network would not fall
into the bi-stable region, avoiding the risk of dropping to
the lower steady-state point. In specific, our contributions are
summarized as follows:

e Individual optimization: By assuming that the packet
arrival rate is fixed, we minimize PAol by optimally
tuning the channel access probability. It is found that the
optimal channel access probability for PAol minimization
is the same as the one for access delay minimization.

o Joint optimization: When the packet arrival rate can be
tuned, we minimize PAol by jointly tuning the packet
arrival rate and channel access probability. The analysis
shows that with joint optimization, both the packet arrival
rate and channel access probability decrease with the
number of sensors, while the corresponding minimum
PAolI increases linearly with the number of sensors.

o Age-throughput tradeoff: The age-throughput tradeoff is
further evaluated in both individual optimization and
joint optimization cases. It is found that with individual
optimization, there is no throughput performance loss
only if the packet arrival rate is large. On the other hand,
with joint optimization, the throughput performance loss
remains at 2%.

The remainder of our paper is organized as follows. The
preliminary analysis of steady-state points and PAol is pre-
sented in Section II. Both individual optimization and joint
optimization for minimizing PAol are addressed in Section
III. Concluding remarks are summarized in Section IV.

II. SYSTEM MODEL AND PRELIMINARY ANALYSIS

Consider a slotted Aloha network containing n sensors and
one common server. The arrival process of packets follows
Bernoulli distribution and each sensor can buffer at most one
data packet. Assume that all the sensors are synchronized and
can access the channel only at the beginning of a time slot,
and each transmission occupies one time slot. The packets
generated by sensors are transmitted over a noiseless channel,
and each packet can be successfully transmitted when there is
no concurrent transmission from other sensors.

'The primary motivation for using PAol as the age metric is that one can
characterize its stationary distribution using standard methods in queueing
theory [14]. The analysis in this paper can be further extended to incorporate
other age metrics, such as the average Aol.

In this article, the first-come-first-served (FCFS) service
discipline is adopted, so the newly arrived packet will be
dropped out if the buffer is full. Assume that with probability
A € (0,1], each sensor performs the sampling operation at
the beginning of each time slot for generating a new packet
(i.e., update). When the buffer is non-empty, the sensor will
access the channel in each time slot with probability ¢ until
the packet is successfully transmitted.

A. Steady-state Points

Let p denote the steady-state probability of successful
transmission of each packet. Note that a discrete-time Markov
process has been established in [4] for characterizing the
behavior of head-of-line (HoL) packets of each sensor, based
on which it was obtained

p=exp ( {quq) : )

where A = n\ is the aggregate input rate. The above equation
shows that p is determined by the number of sensors n, the
arrival rate A\ and the channel access probability ¢q. According
to (1), the network steady-state points can then be calculated.
The analysis in [4] reveals that the network has either two
steady-state points, i.e., the desired steady-state point p; and
the undesired steady-state point p4 with p;, > p4, or one
steady-state point py,, depending on whether it operates at the
bi-stable region B or mono-stable region M, where
o Bi-stable region 5 = {(n,q, \)|n > %,)\1 <A< A},
in which the network has two different steady-state points
pa and py. The boundary \; and A5 are given by Eq.(7-8)

in [4], i.e.,
M= 2
n(l—nlq— 1—7%]>~exp #4
lfﬁllfﬁ
2)
Ao = 2 .
2 / 4 2
n(l n7q+ I—Fq)»exp ) . 1
+ " ng

« Mono-stable region M = 3, in which the network has
only one steady-state point py,.

B. Peak Age of Information

This paper focuses on the PAol of slotted Aloha networks.
For illustration, Fig. 1 depicts the evolution of Aol A(t)
over time ¢, where ¢; denotes the time instance at which
ith packet arrives and t. denotes the time instance that *"
packet is successfully transmitted, ¢ € {1,2,...}. Note that
due to the finite buffer size, some packets are dropped and
their corresponding ¢ are not exist. As only successfully-
transmitted packets contribute to the age performance, we use
subscript k to indicate the successfully-transmitted packets and
refer to them as informative packets [15], [16].

As Fig. 1 illustrates, the Aol grows over time. When
a packet is successfully received, Aol reduces to the time
elapsed since the generation of the delivered packet. Therefore,
A(t) =t —u(t),t € {1,2,---}, where u(t) = max{#;|0 <
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(a)

Fig. 1. Aol evolution traces of a sensor.

t; < t}. The PAol, denoted by Ay, is the Aol achieved
immediately before receiving the k*" packet. Then the mean
PAol A can be defined as

S AML{AR+1) < A1)}
S HAE+1) <A@}

According to the service discipline FCFS, we can see from
Fig. 1 that the packet arrivals at ¢, is dropped because of
the full buffer. The age performance only relies on the packet
which arrives when the buffer is empty, i.e., the ith packet, the
i+ 1" packet and the i + 3*" packet in Fig. 1. Accordingly,
upon the successful reception of the k" packet, the PAol Ay,
can be written as

3)

A= lim s
i sup

A = Dy + Wy, + Dy, 4

where

o D) = t;‘, — t1 is the access delay of the k" informative
packet, i.e., the time interval from the arrival of th
informative packet when the buffer is empty until its
successful transmission.

o Wi = t1. — t%—l is the idle period, which is the time
interval from the successful transmission of k — 1t*
informative packet until the arrival of the next packet.

Let us derive the expression of PAol. The analysis in [17]
has revealed that the mean access delay is given by

E[D] =2 &)

ap
Since the arrival process of packets follows Bernoulli dis-
tribution with parameter ), and the departure of i — 1"
successfully transmitted packet as well as the arrival of a new
packet can occur at the same time, we can have the mean
length of the idle period as

EW] = % — 1. (6)
Finally based on (4)—(6) , we can obtain the mean PAol as

A=2+5-1 (7)

C. Problem Definition

In this paper, our objective is to minimize the mean PAol
A via optimally tuning the channel access probability ¢

108 M (S B |
Analysis p = pr,
——— Analysis p = pa

O  Simulation Wad

105 r o/" 7
/‘Q”
A -
104 /Q’ 1
-
-
L
K4
4
i
10% 1
A*|)
102 L L L L I L
0 0.01 0.02 0.03 q*|» =~ 0.0473 0.06 0.07 0.08 0.09
q
(a)

10° w M '

Analysis p = pr,
O  Simulation

1 2 L L L L 1 1

0 0.01 ¢*[x = 0.0185 0.04 0.05 0.06 0.07 0.08 0.09

(b)

Fig. 2. PAol A versus the channel access probability g, n = 100. (a) A =
0.004. (b) A = 0.008.

and the packet arrival rate A. Note that the channel access
probability is a MAC layer parameter that can be dynamically
adjusted, while the packet arrival rate is usually determined
by the sensing strategy, which is an application-dependent
parameter. For instance, in smart grid, the sensor usually sends
a packet every 15 minutes [18]. Accordingly, we consider
two optimization problems. The first one is the individual
optimization problem, where the network aims at minimizing
the PAol A by individually tuning ¢ given the packet arrival

rate \, i.e.,
A*[y = min A.
A oin, (8)

If the packet arrival rate A can be tuned, then we have the
joint optimization problem, where the PAol is minimized by
jointly tuning ¢ and A, i.e.,

*

A. 9)

min
0<q<1,0<A<1

In the following section, we will address the above optimiza-
tion problems.

III. PAOI OPTIMIZATION
A. Individual Optimization

The following theorem presents the optimal channel access
probability ¢*|, that minimizes the PAol when the packet
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arrival rate A and the number of sensors> n are given.

Theorem 1. Given the aggregate input rate \ the minimum
PAol is given by

26'771*%71 5\>5\O>
R B N 10
|)\ (—2w 1(\/% ) 1)+%71 otherwise, (10
2W2 | (- Y2%)p3

which is achieved when the channel access probability is set
to

e T A> Ao,
7|x = aw? | (- Y . (11)
NCY otherwise,
n(—2W_; (—Y5%)-1)

where Mg ~ 0.48 and p1, is the non-zero root of the following
equation

VnA
" —4nAW?2 | (— Y52
P = exp Vi . v (12)

Apy W2 | (= 2 ) A (—2W 1 (- )—1)

Proof. Given the aggregate input rate )\, it can be seen from (5)
and (7) that PAol minimization is equivalent to mean access
delay minimization. Therefore, the optimal channel access
probability for minimizing the mean access delay can also
minimize the PAol. The optimal channel access probability
has been obtained in [17], as shown by (11). The minimum
PAoI can then be obtained by substituting (11) into (1) and
. O

Theorem 1 reveals that the optimal channel access probabil-
ity ¢*|a is ﬁ when the aggregate input rate is larger than
VnX

2 )
n(-2W_y (- Y22 )’
which is the root of A\ = A; for avoiding the network falls
into the bi-stable region B, where A\ is given in (2).

Fig. 2 depicts how the PAol A varies with the channel
access probability ¢ with a setting that the number of sensors
n = 100 and the aggregate input rate A = 0.4 or 0.8. The
simulation setting is the same as the system model and thus
the details are omitted here. With \ = 0.4 < )\0, it can be
seen from Fig. 2 (a) that the PAol decreases as ¢ increases
when the network stays in mono-stable region M. When
q > ¢*|x ~ 0.047, the network falls into bi-stable region B, in
which it has two steady-state points, i.e., the desired steady-
state point p;, and the undesired steady-state point p4. Once
the network shifts to the undesired steady-state point p 4, the
PAoI A rises sharply. To hedge against this case, the optimal
channel access probability ¢*|, is set to the region boundary,
i.e., the root of A = A;. On the other hand, if the aggregate
input rate increases to 0.8, then the network always stays in
mono-stable region M and operates at the desired steady-state
point pr. The minimum PAol can be achieved when ¢ is set

Xo. Otherwise, ¢*| should be set to be AW, (=

2Note that the number of sensors should be distinguished from the number
of active sensors in existing works [19], [20]. Specifically, the server can
keep a record of registered sensors without knowing if they are active or not
at each time slot. In contrast, tracking and estimating the time-varying number
of active sensors in each time slot can be highly challenging and demanding
in large-scale IoT.
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Fig. 3. Steady-state probability of successful transmission p versus n in three
different cases, ¢ = 0.01, A = 0.002.

to ¢*[x = —~2—1 ~ 0.018. The analysis match well with the
X . ni—e
simulations.

B. Joint optimization

Note that if the packet arrival rate of each device A\ can be
adjusted, then the network can jointly tune g and A\ for PAol
minimization. The following theorem presents the optimal
channel access probability ¢* and packet arrival rate \* for
PAol minimization.

Theorem 2. The minimum PAol A* is given by

A* =~ 32Tn—1, (13)
which is achieved when
% . 4.543
q ==
PN 0.4395. (14)
Proof. See Appendix A. O]

Theorem 2 reveals that as the number of devices n increases,
both the optimal channel access probability ¢* and packet
arrival rate A* should be properly reduced in order to alleviate
the contention. Meanwhile, the minimum PAol A* linearly
increases with n.

Fig. 3 demonstrates how the steady-state point p varies
with n in three cases: 1) fixed setting with A\ = 0.002 and
q = 0.01, 2) individual ¢ optimization with A = 0.002 and
3) joint ¢ and A\ optimization. It can be seen that with fixed
setting, successful transmission probability p decreases with
the number of sensors n. With individual tuning, p declines
only when n is small and stays at e~! when n is large. With
joint optimization, p becomes insensitive to n and always
operates at 0.44.

Recall that existing works on slotted Aloha have revealed
that for throughput maximization, the steady-state point p
should be at e 1. Accordingly, the above observation reveals
that for age performance optimization with joint optimization,
where p = 0.44, the throughput performance would be
sacrificed. To take a closer look at the throughput performance
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Fig. 4. PAol A versus n in three different cases, ¢ = 0.01, A = 0.002.

loss, let us revisit the network throughput of slotted Aloha with
single buffer size, which is denoted by \,,; and given by [4]

nAgp
= ) 15
out A\ I ap ( )
With individual optimization, the throughput can be ob-
tained as follows by combining (11) and (15).
et 5\ > 5\0,
)\q=tq*‘>\: 4dnip; W? 1(—@)
ou — 2 otherwise,
PA(=2W_1 (= YBA) )y aprwe (- Y2
(16)

where p7 is given in (12). We can seeAfrom (16) that when
the packet arrival rate is large, i.e., A > Ay ~ 0.48, there is no

throughput performance loss, as A7 * = e~1. Otherwise,

the throughput performance will be sacrificed.
On the other hand, with joint optimization, the throughput
can be obtained as A%_¢ *=* = 0.3607 by combining (14)

out
and (15). The performance loss is only 2%, i.e.,

)\q:tq*,A:A*
- et = 2%,

out

1 17)

To evaluate the age performance gain brought by the optimal
tuning, Fig. 4 shows how PAol varies with n in the above
three cases. It can be seen from Fig. 4 that with fixed setting,
the PAol exponentially increases with n, indicating that the
age performance becomes intolerably low in massive access
scenarios. In contrast, with either individual optimization or
joint optimization, the PAol A linearly grows with n. The
performance gain becomes significant, especially when n is
large or both the channel access probability ¢ and the packet
arrival rate A can be dynamically tuned.

IV. CONCLUSION

This paper aims at optimizing the PAol performance of slot-
ted Aloha networks with FCFS service discipline by properly
tuning the channel access probability and packet arrival rate of
each sensor. Specifically, we obtain the closed-form expression
of PAol. Depending on whether the packet arrival rate can be

tuned or not, the individual optimization and the joint opti-
mization are studied with the bi-stable behavior of the network
being taken into consideration. In both cases, the optimal
parameter setting and the corresponding minimum PAol are
explicitly characterized, and the throughput performance loss
is further evaluated. The effect of the number of sensors on age
performance is analyzed, which shows that the minimum PAol
with joint optimization increases linearly with network scale.
Finally, simulations verify our results and show the notable gap
in PAol performance between joint optimization and individual
optimization in the massive access case. Note that this paper
focuses on slotted Aloha with FCFS discipline and finite buffer
size, how to further optimize the PAol of slotted Aloha with
other queueing disciplines, such as last-come-first-served with
preemption, and infinite buffer size is an interesting issue that
deserves much attention in future work.

APPENDIX A
PROOF OF THEOREM 2

To derive the optimal channel access probability and packet
arrival rate for joint optimization, let us first obtain the optimal
packet arrival rate A*|, when the access probability is fixed.
According to (1) and (7), we have

90A _ _ 2nqg 1
OX T (pgtA)2—nAipg? A7

(18)

limy_so %4\ < 0, and limy_y1 ‘g—f\‘ ~ 2nq — 1. Since ¢*[) >
1/2n according to (11), in the following, we only consider
the ¢ > 1/2n case and therefore, limy_,; % > 0, implying
that the optimal packet arrival rate should be in (0, 1).

By assuming the network always operates at the desired
steady-state point pr, Lemma 1 presents the optimal packet
arrival rate A .

Lemma 1. With 1/2n < q¢ < 1 and p = py, the minimum

PAol
[ 4
y nq<1+ 1+*>+2
Alp=p, = e - 1 (19)
2q exp 7%
144/ 1+n7q
is achieved when the input rate
2q-exp \/274
T4y /14—
Ar= a (20)

nq<1+\/1+niq> -2

Proof. By combining 25 = 0 and (18), we have (pg+\)? —
ng\(pg+X\) —ngA\? = 0, for which the single positive solution
gives (20). L]

Note that with 1/2n < ¢ < 1 and X\ = Ay, » the network
may shift into the bi-stable region B and therefore not operate
at the desired steady-state point py. Fig. 5 illustrates the bi-
stable region 55 and mono-stable region M. It can be seen
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Fig. 6. PAol A versus A in bi-stable region B and mono-stable region M.

that A7 is included in mono-stable region M when g < g,
R % is the single non-zero root of equation

where qp =~
9 4 4 4
1+nq+2 linq ng( 1+ 1+nq —2
4 4 4 ’
(17\/177“1> <1+\/1+"(1> nq<17\/17"‘J>72

(2D

which is derived by combining Ay = A7, (2) and (20).
When the channel access probability 1/2n < g < ¢, the
network is guaranteed to stay in mono-stable region M and
operate at the desired steady-state point p; with the packet

arrival rate /\;L, ie.,

exp

arg mgn A‘1/2n<q§qb = )\;L (22)

On the other hand, if ¢ > g, then (n,q, A, ) € B, implying
that the network suffers from the risk of dropping to the
undesired steady-state point p4 if A = A7 . To obtain the
optimal arrival rate in this case, Fig. 6 depicts how the PAol
A varies with A in bi-stable region 5 and mono-stable region
M. It can be seen that when A\ < Aq, the network operates
at the desired steady-state point py, and the PAol decreases as
A increases. As A increases to A > Ay, the network goes in
bi-stable region B, and the PAol will increase sharply if the
network shifts to the undesired steady-state point p4. Since
the larger A will increase the risk of the network shifting from
pr 1o pa, in order to ensure the stable PAol, the packet arrival

rate A should be set to the boundary A\; to minimize the chance
of operating at pa, i.e.,

(23)

arg m}%n Alg>q, = M

and the corresponding PAol can be obtained by substituting
A = Ay into (7).
Finally, the optimal packet arrival rate A can be obtained as

2

2q-exp I S
144/ 1+n7q

P 1/2n < q < q, 24
o nq(1+\/1+niq>—2 @4
2
2 P @ <qg<1,
n(m= g ) -exp ()
by combining Lemma 1, (22) and (23), where m = 1 —

1- 2, W ~ 451 " and p1 is the non-zero root of the
nq n

following equation.

2 2
_n2q(m—nfq)exp(ﬁ) ) . 25)

=ex

2 p <2p1q+n(m_é)exp(,i)
For joint optimization, the channel access probability and

the packet arrival rate should satisfy (11) and (24), which can

o, ()

n(—2w_, 7—@’\ -1

following Lemma 2 shows the optimal parameters of joint
optimization {q*, \*}.

be achieved if and only if ¢ = . The

Lemma 2. When the optimal channel access probability ¢ =

o, ()

( ( m) ), the joint optimization result {q*, \*}
n(—2w_; (-2 )1

is given by
2n\*? 2
q* B (p*q*+)\*)27n)\*p*q*2 "
. =2,2=-m,, 2nq” Ly
P eXp(m )( m ) ((p*q*+>\*)27n>\*p*q*27)\*2)

— 2
T Z e ()

1—/1—4,
ngq

transmission probability in (1).

)\*

(26)

where m = and p* denotes the successful

Proof. When the channel access probability
4W2,1 <_ @) . .
q = T , the packet arrival rate is

n|{ —2W_,( — B
A1 in (2) in order to ensure both (11) and (24) are satisfied.
Let us solve the optimal channel access probability ¢* first.
According to (1) and (2), when A = )\, the packet arrival
rate A and the successful transmission probability p are
determined by ¢, and we have

—1

2

oA —2 o 1_7%1
R = —exp — |- vl EE )
17\/1771—(] 17\/1777]
op —np2q2~%;\—np)\2 73
dq — (pg+N)Z—nipg® (28)

Authorized licensed use limited to: SUN YAT-SEN UNIVERSITY. Downloaded on December 17,2023 at 07:12:50 UTC from IEEE Xplore. Restrictions apply.



By combining (7), (27) and (28), the first-order differentiation

% can be obtained as

% = e (3) (52)” (Gt —

(pg+N)2—nApg® — N2
+ 2 (2 1
Pq (pg+N)2—nipg?  q )’

where m =1 —

) (29)

1-— niq. It can be calculated that \; exists
if and only if ¢ € [%,1] by combining A; = )y and (2). We

. A . 0A
then have hmq_> % 5 < 0 and lim,_¢ 5 > 0. Therefore

the single root of the equation % = 0 exists and the optimal
channel access probability ¢* can be solved by %—A = 0. The
optimal packet arrival rate A* can be obtained by substituting
q* in (24). O

Lemma 2 presents {¢*, \*} in the form of strictly estab-
lished equations, which is tricky to solve, so we will simplify
it with approximation and notations. According to (26), ¢* is
the solution of the following equation.

2apng® —2n\°

2_opa?
(pq+)\)2—n>\pq2 - naquzq L — 07 (30)
2
h 2 s L
where o = ex — . Let uw = ngq,
S BV !
nq nq
f =n\, we have
f = 2 :gl(u)7
(1— — 1—%>~exp 2 (31)
1—y/1-4
o\ 2

144/1-2
o = exp —2 = = go(u). (32)

1-y/1-2 1-y/1-4

It can be observed that f and « both are functions of w noted as
g1(u) and go(u) respective. By the way, by substituting (31)
in the fix-point equation in (1), the successful transmission
probability p can be expressed as

g1 (w)u

p = exp (W) = g3(p, u). (33)

It can be seen that (33) is an implicit function, and p is also
determined by w. Finally by combining (31)-(33), (30) can be
simplified as

3 2
2193u° —297 = (% - 2“) ((93 +2)7 - 9193) . (34)

The solution of (34) can be approximately calculated as u ~
4.543. Therefore the optimal channel access probability ¢* =
4 x 4513 and the optimal packet arrival rate \* = %“’) ~
%. The minimum PAol can be obtained by combining (7)
and (14).
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